The set A is an asymptotic nonbasis of order h for an additive abelian group X if there are infinitely many elements of X not in the h-fold sumset hA. For all h ≥ 2, this paper constructs new classes of asymptotic nonbases of order h for Z and for N 0 that are not subsets of maximal asymptotic nonbases.
Asymptotic bases and nonbases
Let X be an additive abelian group or semigroup, and let A be a subset of X. We define the h-fold sumset hA = {a 1 + · · · + a h : a i ∈ A for all i = 1, . . . , h}.
The subset A is an basis of order h for X if every element of X can be represented as the sum of h not necessarily distinct elements of A, that is, if hA = X. The subset A is a nonbasis of order h for X if hA = X. The nonbasis A is a maximal nonbasis of order h for X if A ∪ {b} is an basis of order h for X for all b ∈ X \ A.
The subset A of a set X is co-finite if X \ A is finite and co-infinite if X \ A is infinite.
The subset A of an infinite semigroup X is an asymptotic basis of order h for X if the sumset hA contains all but finitely many elements of A, that is, if hA is co-finite, and an asymptotic nonbasis of order h if A is not an asymptotic basis of order h for X, that is, if hA is co-infinite. An asymptotic nonbasis A is a maximal asymptotic nonbasis of order h if A ∪ {b} is an asymptotic basis of order h for X for all b ∈ X \ A.
There are analogous definitions for semigroups that are multiplicative and not necessarily abelian.
The subset A of an infinite semigroup X is an asymptotic nonbasis of order 1 for X if and only if it is co-infinite. Because there is no maximal co-infinite subset of an infinite set, there is no maximal asymptotic nonbasis of order 1 for X. In particular, no asymptotic nonbasis of order 1 for X is a subset of a maximal asymptotic nonbasis of order 1 for X.
In this paper we consider the additive group Z of integers and the additive semigroup N 0 of nonnegative integers. There is no maximal asymptotic nonbasis of order 1 for Z or for N 0 . For h ≥ 2, there do exist maximal asymptotic nonbases of order h for Z and for N 0 . The first examples were constructed in [11] . It had been an open problem to determine if every asymptotic nonbasis of order h ≥ 2 is a subset of a maximal asymptotic nonbasis of order h. Hennefeld [8] constructed the first example of an asymptotic nonbasis of order h that could not be embedded in a maximal asymptotic nonbasis of order h. Recently, Ling [9] obtained two new classes of asymptotic nonbases of order h that are not contained in maximal asymptotic nonbases of order h. This note describes a simple construction that includes Hennefeld's and Ling's examples as special cases.
Nonbases and maximal nonbases were introduced by Nathanson [11] , and investigated by Deshouillers and Grekos [1] , Erdős and Nathanson [2, 3, 4, 5, 6] , Hennefeld [8] , Ling [9, 10] , Nathanson [12] , and Nathanson and Sárközy [15] . For surveys of open problems, see Erdős and Nathanson [7] and Nathanson [13, 14] . 
Asymptotic nonbases for Z
then hA Z ⊆ d * Z and A Z is an asymptotic nonbasis of order h for Z. If
then A Z is a basis of order h for Z. If n ≡ t − s (mod h), then there exists z 1 ∈ Z such that
and this is the unique representation of n as a sum of h elements of A Z .
Proof. Suppose that h, s, and t satisfy the divisibility condition (1). If n ∈ hA Z , then there exists i ∈ {0, 1, . . . , h} and z 1 , . . . , z h−i ∈ Z such that
It follows from (1) that n ≡ 0 (mod d), and so hA Z ⊆ d * Z.
If h, s, and t satisfy the divisibility condition (2), then 
We have (3) is the unique representation of n as the sum of h elements of A Z . This completes the proof. Lemma 1. Let Y be a set of integers such that there exist only finitely many pairs y, y ′ ∈ Y with y = y ′ and |y − y ′ | ≤ 3. The set X = Z \ Y is an asymptotic basis of order h for Z for all h ≥ 2.
Let Y 0 be a set of nonnegative integers such that there exist only finitely many pairs y, y ′ ∈ Y 0 with y = y ′ and |y − y ′ | ≤ 3. The set X 0 = N 0 \ Y 0 is an asymptotic basis of order h for N 0 for all h ≥ 2.
Proof. First, we prove that X is an asymptotic basis of order 2 for Z. Let w ∈ Z. If w = 2u is even, then
The gap condition |y − y ′ | ≤ 3 implies that
for only finitely many integers u, and so w ∈ 2X for all but at most finitely many integers w. Equivalently, there is a finite subset
The proof for N 0 is similar.
The set Y of integers has infinite gaps if, for all C > 0, there exist only finitely many pairs of integers y, y ′ ∈ Y with y = y ′ and |y − y ′ | ≤ C.
Let s and t be integers such that
Let Y be an infinite set of integers with infinite gaps, and let
The set
x ∈ X} is an asymptotic nonbasis of order h for Z that is not a subset of a maximal asymptotic nonbasis of order h for Z.
Proof. We begin by proving that there is a finite set F of integers such that (7) Z
The divisibility condition (6) and the congruence condition (8) imply that there is
There exists a unique integer q such that
By Lemma 1, for all but finitely many integers q, there exist x 1 , . . . , x k ∈ X such that
for all but finitely many integers n ≡ t − s (mod h), Let F be the finite set of integers n such that n ≡ t − s (mod h) and n / ∈ hA X .
then there is a unique integer z 1 ∈ Z such that n = (h − 1)s + (hz 1 + t) and this is the unique representation of n as a sum of h elements of A Z . If z 1 = x 1 ∈ X, then hx 1 + t ∈ A X and n ∈ hA X . If z 1 = y 1 ∈ Y , then hy 1 + t / ∈ A X and n / ∈ hA X . This proves (7) . The set Y is infinite, and so A X is an asymptotic nonbasis of order h for Z.
We shall prove that A X is not a subset of a maximal asymptotic nonbasis of order h for Z.
, which is also absurd. Therefore, i ∈ {0, 1, 2, . . . , h − 3}. There exists a unique integer w such that
Because h − i − 1 ≥ 2, Lemma 1 implies that, for all but finitely many w, there exist integers
x j and so
for all but finitely many integers n ≡ t − s (mod h). Thus, if b ≡ s, t (mod h), then A X ∪ {b} is an asymptotic basis of order h. If b ∈ Z \ A X and b ≡ s (mod h) then b = s + hu for some u = 0. For all y ∈ Y , we have
Because Y has infinite gaps, there exist only finitely many integers y ∈ Y with y − (h − 1)u ∈ Y , and so y − (h − 1)u ∈ X for all but finitely many y ∈ Y . Therefore, (h − 1)s + hy + t ∈ h(A X ∪ {b}) for all but finitely many y ∈ Y . Thus, if b ≡ s (mod h) and b = s, then A X ∪ {b} is an asymptotic basis of order h.
This proves that if b ∈ Z \ A X and A X ∪ {b} is an asymptotic nonbasis of order h for Z, then b ≡ t (mod h) and b = hy + t for some y ∈ Y . It follows from Theorem 1 that
Therefore, if B ⊆ Z \ A X and A X ∪ B is an asymptotic nonbasis of order h, then there exists Y ′ ⊆ Y such that
We conclude that A X ∪ B Y ′ is an asymptotic nonbasis of order h for Z if and only if Y ′ is a co-infinite subset of Y . Because the infinite set Y contains no maximal coinfinite subset, there exists no set Y ′ such that A X ∪ B Y ′ is a maximal asymptotic nonbasis of order h. Thus, the set A X is an asymptotic nonbasis of order h for Z that is not contained in a maximal asymptotic nonbasis of order h for Z. This completes the proof.
3. Asymptotic nonbases for N 0 Theorem 3. Let h ≥ 2. Let s and t be nonnegative integers, and let
then hA N0 ⊆ d * N 0 and A is an asymptotic nonbasis of order h for N 0 . If
then A N0 is an asymptotic basis of order h for N 0 . If n ≡ t − s (mod h), then there exists z 1 ∈ N 0 such that
and this is the unique representation of n as a sum of h elements of A N0 .
Proof. Suppose that h, s, and t satisfy the divisibility condition (10) . If n ∈ hA N0 , then there exists i ∈ {0, 1, . . . , h} and z 1 , . . . , z h−i ∈ N 0 such that
It follows from (10) that n ≡ 0 (mod d), and so hA N0 ⊆ d * N 0 . Suppose that h, s, and t satisfy the divisibility condition (11) . For all n ∈ Z, there are unique integers i ∈ {0, 1, . . . , h − 1} and q such that
There exist nonnegative integers z 1 , . . . , z k such that k j=1 z j = q − t.
We have
and so A is an asymptotic basis of order h for N 0 . Moreover, for all n ≥
and so n uniquely determines the integer i. In particular, if i = h − 1 and k = 1, then n ≡ t − s (mod h) and (12) is the unique representation of n as the sum of h elements of A N0 . This completes the proof. Let Y 0 be an infinite set of nonnegative integers with infinite gaps, and let
The set
is an asymptotic nonbasis of order h for N 0 that is not a subset of a maximal asymptotic nonbasis of order h for N 0 .
Proof. We begin by proving that there is a finite set F of integers such that
Let n ∈ N 0 satisfy
The divisibility condition (13) and the congruence condition (15) imply that there is a unique integer i ∈ {0, 1, . . . , h − 2} such that n ≡ i(s − t) (mod h).
Let k = h − i ∈ {2, 3 . . . , h}. There exists an integer q such that
Inequality (16) implies that
By Lemma 1, for all but finitely many nonnegative integers q, there exist x 1 , . . . , x k ∈ X 0 such that
for all but finitely many nonnnegative integers n ≡ t − s (mod h). Thus, the set F of nonnnegative integers n such that n ≡ t − s (mod h) and n / ∈ hA N0 is finite. Let n be a nonnegative integer such that n ≡ t − s (mod h).
By Theorem 1, there is a unique integer z 1 ∈ Z such that n = (h − 1)s + (hz 1 + t) and this is the unique representation of n as a sum of h elements in the set A Z = {s} ∪ {hz + t : z ∈ Z}. If z 1 = x 1 ∈ X 0 , then hx 1 + t ∈ A X0 and n ∈ hA X0 . If z 1 = y 1 ∈ Y 0 , then hy 1 + t / ∈ A X0 and n / ∈ hA X0 . This proves (14) . Because the set Y 0 is infinite, the set A X0 is an asymptotic nonbasis of order h for N 0 .
We shall prove that A X0 is not a subset of a maximal asymptotic nonbasis of order h for N 0 .
Let
As in the proof of Theorem 2, the congruence
has a unique solution i ∈ {0, 1, 2, . . . , h − 3}. Let n ∈ N 0 \ (hA X0 ∪ F ) satisfy
By (14), there exists y ∈ Y 0 such that n = (h − 1)s + hy + t.
The congruence (17) and the inequality (18) imply that there exists a unique nonnegative integer w such that
Because h − i − 1 ≥ 2, Lemma 1 implies that, for all but finitely many w, there exist integers x 1 , x 2 , . . . , x h−i−1 ∈ X 0 such that
for all but finitely many integers n
We have b = s + hu for some u = 0. For all y ∈ Y 0 , we have
Because Y 0 has infinite gaps, there are only finitely many integers y ∈ Y 0 with y − (h − 1)u ∈ Y 0 , and so y − (h − 1)u ∈ X 0 for all but finitely many y ∈ Y 0 . Therefore, (h − 1)s + hy + t ∈ h(A X0 ∪ {b}) for all but finitely many y ∈ Y 0 . Thus, if b ∈ N 0 \ A X0 and b ≡ s (mod h), then A X0 ∪ {b} is an asymptotic basis of order h for N 0 . We have proved that if b ∈ N 0 \ A X0 and A X0 ∪ {b} is an asymptotic nonbasis of order h for N 0 , then b ≡ t (mod h) and b = hy + t for some y ∈ Y 0 .
It follows from Theorem 1 that
Therefore, if B ⊆ N 0 \ A X0 and A X0 ∪ B is an asymptotic nonbasis of order h, then there exists
0 is an asymptotic nonbasis of order h for N 0 if and only if Y ′ 0 is a co-infinite subset of Y 0 . Because the infinite set Y 0 contains no maximal co-infinite subset, the set A X0 is an asymptotic nonbasis of order h for N 0 that is not contained in a maximal asymptotic nonbasis of order h for N 0 . This completes the proof.
